Abstract. We define the notion of hom-Batalin-Vilkovisky algebras and strong differential homGerstenhaber algebras as a special class of hom-Gerstenhaber algebras and provide canonical examples associated to some well-known hom-structures. Representations of a hom-Lie algebroid on a hom-bundle are defined and a cohomology of a regular hom-Lie algebroid with coefficients in a representation is studied. We discuss about relationship between these classes of hom-Gerstenhaber algebras and geometric structures on a vector bundle. As an application, we associate a homology to a regular hom-Lie algebroid and then define a hom-Poisson homology associated to a hom-Poisson manifold.
Introduction
Hom-Lie algebras were introduced in the context of q-deformation of Witt and Virasoro algebras. In a sequel, various concepts and properties have been derived to the framework of other homalgebras as well. The study of hom-algebras appeared extensively in the work of J. Hartwig, D. Larsson, A. Makhlouf, S. Silvestrov, D. Yau and other authors ( [1] , [6] , [9] , [10] , [15] ).
More recently, the notion of hom-Lie algebroid is introduced in [8] by going through a formulation of hom-Gerstenhaber algebra and following the classical bijective correspondence between Lie algebroids and Gerstenhaber algebras. On the other hand, there are canonically defined adjoint functors between category of Lie-Rinehart algebras and category of Gerstenhaber algebras. This leads us to proceed further and define the category of hom-Lie-Rinehart algebras in [11] , and discuss adjoint functors between the category of hom-Gerstenhaber algebras and the category of hom-Lie-Rinehart algebras. Furthermore, the notion of a hom-Lie bialgebroid and a hom-Courant algebroid is defined in [3] .
There are some well known algebraic structures such as Batalin-Vilkovisky algebras and differential Gerstenhaber algebras satisfying nice relationship with Lie-Rinehart algebras and different geometric stuctures on a vector bundle (in [14] , [12] , [7] and the references therein). In this paper, our first goal is to define hom-Batalin-Vilkovisky algebras and strong differential hom-Gerstenhaber algebras as a special class of hom-Gerstenhaber algebras and present several examples which are obtained canonically.
In [3] , a hom-bundle of rank n is defined, as a triplet (A, ψ, α) where A is a rank n vector bundle over a smooth manifold M , the map ψ : M → M is a smooth map and α : ΓA → ΓA is a ψ * -function linear map, i.e. α(f.x) = ψ * (f ).α(x) for f ∈ C ∞ (M ), x ∈ ΓA. It is proved in [8] that hom-Lie algebroid structures on the hom-bundle (A, ψ, α) are in bijective correspondence with hom-Gerstenhaber algebra structures on (A,α), where A = ⊕ 0≤k≤n Γ(∧ k A) and the mapα is an extension of α to higher degree elements. Let (A, ψ, α) be an invertible hom-bundle. Then, the second goal of this paper is to analyse the following.
• The relationship between hom-Batalin-Vilkovisky algebra structures on (A,α) and homLie algebroid structures on the hom-bundle (A, ψ, α) with a representation of this hom-Lie algebroid on the hom-bundle (∧ n A, ψ,α).
• The relationship between strong differential hom-Gerstenhaber algebra structures on (A,α) and hom-Lie bialgebroid structures on the hom-bundle (A, ψ, α).
For the first relationship, we prove a more general result (Corollary 3.16) for hom-Lie-Rinehart algebras (see Definition 2.14). As an application, we get a homology associated to a hom-Poisson manifold (M, ψ, π) where the map ψ : M → M is a diffeomorphism. We call this homology as "hom-Poisson homology" since for the case when ψ is the identity map on M , this gives the Poisson homology. The paper is organized as follows:
In Section 2, we recall preliminaries on hom-structures. This will help us to fix several notations to be used in the later part of our discussion.
In Section 3, we define a hom-Batalin-Vilkovisky algebra as an exact hom-Gerstenhaber algebra and give some examples. Right modules and subsequently a homology is studied for a hom-LieRinehart algebra with coefficients in a right module. We also express homology of a hom-LieRinehart algebra with trivial coefficients in terms of the associated hom-Gerstenhaber algebra. We study a cohomology of regular hom-Lie-Rinehart algebra (L, α) with coefficients in a left module (M, β). If the underlying A-module L is projective of rank n, then we prove a one-one correspondence between right (L, α)-module structures on (A, φ) and left (L, α)-module structures on (∧ n L, α).
In Section 4, we define representations of a hom-Lie algebroid on a hom-bundle. If A := (A, φ, [−, −], ρ, α) is a regular hom-Lie algebroid, where A is a rank n vector bundle over M , then it is proved that there exists a bijective correspondence between exact generators of the associated hom-Gerstenhaber algebra and representations of A on the hom-bundle (∧ n A, ψ,α). We associate a homology to a regular hom-Lie algebroid when the underlying vector bundle is a real vector bundle. For a hom-Poisson manifold (M, ψ, π) (where ψ : M → M is a diffeomorphism), we define hom-Poisson homology as the homology of its associated cotangent hom-Lie algebroid. Moreover, we define a cochain complex for a regular hom-Lie algebroid with coefficients in a representation.
In the last Section, we define strong differential hom-Gerstenhaber algebras and give several examples. Finally, We discuss the relationship between strong differential hom-Gerstenhaber algebras and hom-Lie bialgebroids.
Preliminaries on hom-structures
In this section, we recall some basic definitions from [8] , [11] , and [13] . Let R be a commutative ring with unity and Z + be the set of all non-negative integers. Definition 2.1. A hom-Lie algebra is a triplet (g, [−, −], α) where g is a R-module equipped with a skew-symmetric R-bilinear map [−, −] : g × g → g and a Lie algebra homomorphism α : g → g such that the hom-Jacobi identity holds, i.e.,
If α is an automorphism of g, then (g, [−, −], α) is called a regular hom-Lie algebra.
for all x, y ∈ g. 
Definition 2.4. A graded hom-Lie algebra is a triplet (g, [−, −], α), where g = ⊕ i∈Z + g i is a graded module, [−, −] : g ⊗ g → g is a graded skew-symmetric bilinear map of degree −1, and α : g → g is a homomorphism of (g, [−, −]) of degree 0, satisfying:
for all x ∈ g i , y ∈ g j , and z ∈ g k .
Definition 2.5. Let A = ⊕ k∈Z + A k be a graded commutative algebra, σ and τ be 0-degree endomorphism of A, then a (σ, τ )-differential graded commutative algebra is quadruple (A, σ, τ, d), where d is a degree 1 square zero operator on A satisfying the following:
Definition 2.6. A Gerstenhaber algebra is a triple
where A is a graded commutative associative R-algebra, and [−, −] : A ⊗ A → A is a bilinear map of degree −1 such that:
(1) (A, [−, −]) is a graded Lie algebra.
(2) The following Leibniz rule holds:
For a Gerstenhaber algebra (
, a linear operator D : A → A of degree −1 is said to be a generator of the bracket [−, −] if for every homogeneous a, b ∈ A:
Definition 2.7. A Gerstenhaber algebra A is called an exact Gerstenhaber algebra or a Batalin-Vilkovisky algebra if it has a generator D of square zero.
Definition 2.8. Given an associative commutative algebra A, an A-module M and an algebra endomorphism φ : A → A, we call a R-linear map δ :
for all a, b ∈ A. Let us denote the set of φ-derivations by Der φ (A).
Remark 2.9. Given a manifold M and a smooth map ψ : M → M , then the space of ψ * -derivations of C ∞ (M ) into C ∞ (M ) can be identified with the space of sections of the pull back bundle of TM, i.e. Γ(ψ ! T M ). 
The following hom-Leibniz identity holds:
Here, ρ(X)[f ] stands for the function on M , such that
M is the anchor map evaluated at m ∈ M and X φ(m) is the value of the section X ∈ Γ(A) at φ(m) ∈ M . Moreover, a hom-Lie algebroid is said to be regular (or invertible) if the map α : Γ(A) → Γ(A) is an invertible linear map and the map φ : M → M is a diffeomorphism. Example 2.13. Given a hom-Lie algebra (g, [−, −], α), one can define a hom-Gerstenhaber algebra
where
See [8] for further details. 
for homogeneous elements X, Y ∈ A. Furthermore, if D 2 = 0, then D is called an exact generator and hom-Gerstenhaber algebra A is called an exact hom-Gerstenhaber algebra or hom-BatalinVilkovisky algebra.
Example 3.2. Recall from Example 2.13 that there is a canonical hom-Gerstenhaber algebra structure on the exterior algebra
If we consider the boundary operator d : ∧ n g → ∧ n−1 g of a hom-Lie algebra with coefficients in the trivial module R (defined in [15] ), given by
More importantly, this operator d generates the graded hom-Lie bracket [−, −] G in the following way:
for X, Y ∈ G. Hence the operator d is an exact generator of the hom-Gerstenhaber algebra G. This yields a hom-BV algebra associated to a hom-Lie algebra. 
is a hom-Gerstenhaber algebra. Since for any homogeneous elements a, b ∈ A, we have
so by applying α on both sides we obtain the following relation:
3.2.
Homology of a hom-Lie-Rinehart algebra. Let A be an associative and commutative R-algebra, and φ be an algebra homomorphism of A. Suppose (L, α) is a hom-Lie-Rinehart algebra over the pair (A, φ). (1) There is a map θ :
If α = Id L and β = Id M , then M is a right Lie-Rinehart algebra module. Note that there is no canonical right module structure on (A, φ) as one would expect from the case of Lie-Rinehart algebras.
Let (M, β) be a right module over a hom-Lie-Rinehart algebra (L, α).
for m ∈ M and
By the definition of the right hom-Lie-Rinehart algebra module structure on (M, β), it follows that
is the Lie-Rinehart algebra homology with coefficients in M .
is the homology of a hom-Lie algebra with coefficients in M , which is defined in [15] .
Let (L, α) be a hom-Lie-Rinehart algebra, then there is no canonical right module structure on (A, φ). In the following theorem we give a bijective correspondence between the exact generators of hom-Gerstenhaber bracket on ∧ * A L and right module structures on (A, φ).
There is a bijective correspondence between right (L, α)-module structures on (A, φ) and exact generators of the hom-Gerstenhaber algebra bracket on ∧ * A L.
Proof. Let (A, φ) be a right module structure over hom-Lie-Rinehart algebra (L, α), then we can
where {−, −} denotes the right action of L on A. It follows from straightforward calculations that D commutes with α and generates the bracket on ∧ * A L, i.e.
for any homogeneous elements X, Y ∈ ∧ * A L.
Here, ρ is the anchor map of the hom-Lie-Rinehart algebra (L, α). Furthermore, using equation (1) we have the following:
Hence, an exact generator gives a right (L, α)-module structure on the pair (A, φ).
Suppose the canonical hom-Gerstenhaber algebra structure on ∧ * A L corresponding to the homLie-Rinehart algebra (L, α), has an exact generator D. Then by the above Theorem 3.7, we get the corresponding right (L, α)-module structure on (A, φ). Moreover, by the canonical isomorphism of A-modules:
, and the definition of the boundary from equation (3), we have the following result:
Definition 3.9. Let M be an A-module, and β ∈ End R (M ). Then the pair (M, β) is a left-module over the hom-Lie Rinehart algebra (L, α) if following conditions hold.
If we consider α = Id L , and β = Id M , then the hom-Lie-Rinehart algebra (L, α) turns out to be simply a Lie-Rinehart algebra and any left (L, α)-module (M, β) is just a Lie-Rinehart algebra module.
where left action is given by the anchor map.
3.3. Regular Hom-Lie-Rinehart algebras. Let (L, α) be a regular hom-Lie-Rinehart algebra over (A, φ) and
Proof. Here, we need to check that for any
A L, M ) and δ 2 = 0. This follows using the fact that (ρ, φ) is a representation of the hom-Lie algebra (
In view of this proposition we obtain that (Alt A (L, M ), δ) is a cochain complex. We denote the cohomology space of the cochain complex (
In particular, if we consider a regular hom-Lie algebra simply as a hom-Lie-Rinehart algebra, then the above cochain complex with coefficients in a hom-Lie algebra module is same as the cochain complex mentioned in Section 3 of [4] .
Moreover, a hom-Lie algebroid is a particular case of hom-Lie-Rinehart algebras. Thus by following the above discussion, we define representations of a hom-Lie algebroid, and subsequently define a cohomology of a hom-Lie algebroid with coefficients in a representation in the next section.
Example 3.12. If α = Id L , then the hom-Lie-Rinehart algebra (L, α) is simply a Lie-Rinehart algebra L over A and the algebra A is a Lie-Rinehart algebra module over L. Also, the cohomology H * hR (L, M ) is same as the Lie-Rinehart algebra cohomology with coefficients in the module A.
Here, S(p, q) denotes the set of all (p, q)-shuffles in the symmetric group S p+q . Also, define Φ :
The multiplication ∧ makes the chain complex Alt A (L, A), a graded commutative algebra since A is a commutative algebra. Next, we have the following result: Lemma 3.14. Let (L, A) be a regular hom-Lie-Rinehart algebra, where the underlying A-module L is projective of rank n.
. By a straightforward calculation, for any η 1 ∈ Alt m A (L, A), and η 2 ∈ Alt k A (L, A), we get the following equation:
Define the right action Θ :
is a right (L, α)-module and the right action is given by (a, x) → a.x. Here, ∧ n A L is projective A-module of rank 1, so we have an isomorphism of A-modules Ψ :
for each X ∈ ∧ n A L. Now, for any x ∈ L, X ∈ ∧ n A L, and ξ ∈ ∧ n A L * , denote Φ −1 (ξ) byξ and define a left action
as defined in Lemma 3.14. By direct calculation, the left action ∇ makes the pair (
where the left action is given by (x, X) → ∇ x (X). Since ∧ n A L is a projective A-module of rank 1, we have an isomorphism θ :
Define a right action µ : 
Applications to hom-Lie algebroids
Here we consider hom-Lie algebroids as defined by Laurent-Gengoux and Teles in [8] . There is also a modified version of hom-Lie algebroids presented by L. Cai, et al. in [3] and an equivalence is shown for the case of regular (or invertible) hom-Lie algebroids. First, we define Representations of a hom-Lie algebroid.
4.1.
Representations of hom-Lie algebroids. Let A := (A, φ, [−, −], ρ, α) be a hom-Lie algebroid and (E, φ, β) be a hom-bundle over a smooth manifold M . A bilinear map ∇ : ΓA⊗ΓE → ΓE, denoted by ∇(x, s) := ∇ x (s), is a representation of A on a hom-bundle (E, φ, β) if it satisfies the following properties: for all x ∈ ΓA, s ∈ ΓE and f ∈ C ∞ (M ). 
for all x ∈ ΓA and f ∈ C ∞ (M ). Then the map ∇ is a representation of A on (E, φ, β).
Let A = (A, φ, [−, −], ρ, α) be a hom-Lie algebroid, where A is a vector bundle of rank n over M , then ∧ n A is a line bundle over M . Extend the map α : ΓA → ΓA to a mapα : Proof. This result follows from the Corollary 3.16. More precisely, given an exact generator D of the associated hom-Gerstenhaber algebra A, define a map ∇ :
where a ∈ A, and X ∈ Γ(∧ n A). It is immediate to check that ∇ is a representation of A on the hom-bundle (∧ n A, φ,α).
Conversely, let ∇ is a representation of A on the hom-bundle (∧ n A, φ,α), then there exists a unique generator D of the hom-Gerstenhaber bracket such that for any X ∈ Γ(∧ n A) the following condition is satisfied:
Define D on higher degree elements by the following relation:
for a ∈ A, and b ∈ Γ(∧ k A). By using this relation and the fact that a ∧ X = 0 for any X ∈ Γ(∧ n A), the following condition is equivalent to equation (8):
Let A = (A, φ, [−, −], ρ, α) be a hom-Lie algebroid and (E, φ, β) be a hom-bundle over a smooth manifold M , where E is a line bundle. Then the following proposition extracts a representation of A on the hom-bundle (E, φ, β) from a given representation of A on the square hom-bundle given by the triplet (E 2 := E ⊗ E, φ,β := β ⊗ β) over M . Proposition 4.4. Let A := (A, φ, [−, −], ρ, α) be a hom-Lie algebroid, and the triplet (E, φ, β) be a hom-bundle over a smooth manifold M , where E is a line bundle. If the map∇ is a representation of A on the hom-bundle (E 2 , φ,β). Then the map ∇ : ΓA ⊗ ΓE → ΓE is a representation of A on the hom-bundle (E, φ, β), which is defined as follows:
Let s be a section of E and U be an open subset of M , then s = f.t for some f ∈ C ∞ (U ) and some section t ∈ ΓM , which vanishes nowhere over U . Then define
Furthermore, the map ∇ : ΓA ⊗ ΓE → ΓE gives back the initial map∇ : ΓA ⊗ Γ(E ⊗ E) → Γ(E ⊗ E) by the following equation:
Proof. First we prove that (∇, β) is a representation of (ΓA, [−, −], α) on ΓE. We need to show the following:
Let s be a section of E and U ⊂ M be an open subset of M , then s = f.t for some f ∈ C ∞ (U ) and some section t ∈ ΓM , which vanishes nowhere over U . Then
Here,
.
Since β is a bijective map, the sectionβ(t 2 ) vanishes nowhere over the open subset φ −1 (U ) of M , so we can write
for some f x ∈ C ∞ (M ), and x ∈ ΓA. The map∇ is a representation of A on the hom-bundle (E 2 , φ,β), i.e.∇ ([x, y],β(t 2 )) =∇(α(x),∇(y, t 2 )) −∇(α(y),∇(x, t 2 )) and
Thus,
Also, by the definition of ∇, we have the following:
By using equation (10), the equation (12) can also be expressed as:
Similarly,
By equations (9), (11), (13) , and (14), we get the following equation:
Moreover,
Thus by equations (15), and (16), the pair (∇, β) is a representation of (ΓA, [−, −], α) on ΓE. It is immediate to observe that:
for all x ∈ ΓA, f ∈ C ∞ (M ), and s ∈ ΓE. Therefore, ∇ is a representation of A on the hom-bundle (E, φ, β). Let U ⊂ M be an open subset of M , then
for x ∈ ΓA, s 1 , s 2 ∈ ΓE. Hence, squaring the map ∇ : ΓA ⊗ ΓE → ΓE gives back the original map
The is a hom-Lie algebroid over M then ∧ n A is a real line bundle over M . Note that ∧ n A ⊗ ∧ n A is a trivial line bundle over M . Now, define a mapᾱ : ∧ n A ⊗ ∧ n A → ∧ n A ⊗ ∧ n A as follows:
for X, Y ∈ ∧ n A. By Example 4.2, there exists a representation of A on the hom-bundle (∧ n A ⊗ ∧ n A, φ,α). Consequently, by the Proposition 4.4 we get a representation of A on the hom-bundle (∧ n A, φ,α).
4.2.
Cohomology of regular hom-Lie algebroids. Let A := (A, φ, [−, −], ρ, α) be a regular hom-Lie algebroid over M and the map ∇ be a representation of A on the hom-bundle (E, φ, β). We define a cochain complex (C * (A; E), d A,E ) for A with coefficients in this representation as follows:
where Ξ ∈ Γ(Hom(∧ n A, E)), x i ∈ ΓA and 1 ≤ i ≤ n+1. By using the definition of a representation, it follows that the map d A,E is a well-defined square zero operator. We denote the cohomology of the resulting cochain complex (C * (A; E), d A,E ) by H * (A, E). In particular, if α = Id A and φ = Id M , then A is a Lie algebroid and H * (A, E) is the usual de-Rham cohomology of the Lie algebroid A with coefficients in the representation on the vector bundle E. We now consider the trivial representation of the regular hom-Lie algebroid A on the trivial hombundle (M × R, φ, φ * ) given in Example 4.1. Then the cochain complex (
for ξ ∈ Γ(∧ n A * ), and x i ∈ ΓA, for 1 ≤ i ≤ n + 1. Let us denote the coboundary map
for ξ ∈ Γ(∧ n A * ), and x i ∈ ΓA, for 1 ≤ i ≤ n. Then we have the following result: 
for all ζ ∈ Γ(∧ p A * ), η ∈ Γ(∧ q A * ), and p, q ≥ 0. It simply follows by induction on the degree p. Then the tuple (⊕ n≥0 Γ ∧ n A * ,α, d A ) is a (α,α)-differential graded commutative algebra. Conversely, let (⊕ n≥0 Γ ∧ n A * ,α, d) be a (α,α)-differential graded commutative algebra. We define the anchor map ρ given by ρ(x)[f ] =< d A f, α(x) >, and the hom-Lie bracket [−, −] is given by
for all x, y ∈ ΓA, f ∈ C ∞ (M ) and ξ ∈ ΓA * . Then it follows that (A, φ, [−, −], ρ, α) is a hom-Lie algebroid.
A version of the above theorem is proved in [3] , by considering a modified definition of hom-Lie algebroid and the associated cochain complex. Let us recall the following definitions of interior multiplication and Lie derivative from [3] :
, and Ξ ∈ Γ(∧ n A * ) the interior multiplication satisfies the following properties:
The Lie derivative
for all f ∈ C ∞ (M ), and Ξ ∈ Γ(∧ n A * ). If k = 1, i.e. X ∈ ΓA, then for all f ∈ C ∞ (M ), and Ξ ∈ Γ(∧ n A * ), we have
Moreover, for x ∈ ΓA, the interior multiplication i x and Lie derivative L x satisfy the following identities:
The above properties and identities follows from [3] , by replacing the differential d : 
If (M, ψ, π) is a hom-Poisson manifold, where ψ : M → M is a diffeomorphism and π is a hom-Poisson bivector, then
is the cotangent hom-Lie algebroid as defined in [3] , where
and
• the anchor map is π # •Ad † ψ * instead of π # (Note that π # is the anchor map for the cotangent hom-Lie algebroid in [3] ), since we are using the Definition 2.10 of hom-Lie algebroid.
Let us consider
for ξ ∈ Γ(ψ ! T * M ) and η 1 , η 2 ∈ Γ(∧ top ψ ! T * M ). Then it follows by a long but straightforward calculation that the map D is a representation of T * on the hom-bundle ((Γ(∧ top ψ ! T * M )) 2 , ψ,Ād † ψ * ), where the mapĀd † ψ * is the extension of the map Ad †
Homology of regular hom-Lie algebroids. Let A := (A, φ, [−, −], ρ, α) be a regular homLie algebroid over a manifold M , where A is a real vector bundle of rank n over M , then by Remark 4.5, we get a representation of A on the hom-bundle (∧ n A, φ,α), given by the map ∇ : ΓA ⊗ Γ ∧ n A → Γ ∧ n A. Next, by Proposition 4.3, we get a chain complex (⊕ k≥0 Γ ∧ k A, D ∇ ). Thus we get a homology of regular hom-Lie algebroid A given by the homology of the chain complex (⊕ k≥0 Γ ∧ k A, D ∇ ). Let us denote this homology by H ∇ * (A). If ∇ 1 and ∇ 2 are two representations of A on the hom-bundle (∧ n A, φ,α), then it is natural to ask about the relation between the induced homologies.
Firstly, let D ∇ 1 and D ∇ 2 be exact generators of the associated hom-Gerstenhaber algebra A to the hom-Lie algebroid A, obtained by Proposition 4.3, respectively. Then first observe that
for f ∈ C ∞ (M ) and x ∈ ΓA. Therefore, there exists ξ ∈ ΓA * such that
for x ∈ ΓA. Since D ∇ 1 and D ∇ 2 commute with the map α, we have φ * (i ξ (x)) = i ξ (α(x)). By equation (1), D ∇ 1 − D ∇ 2 satisfies the following condition:
for X, Y ∈ A, |X| denotes degree of X. Then for any X ∈ A, it follows that (19) is equivalent to the following equation:
.α(X) for x ∈ ΓA and X ∈ Γ(∧ n A). Now, let us make the following observations:
, α(y)) for any x, y ∈ ΓA, and • by using the fact that
We say that the maps ∇ 1 and ∇ 2 are homotopic if ξ is a 1-coboundary, i.e. ξ = df for some f ∈ C ∞ (M ). Similarly, in this case the corresponding generators D ∇ 1 and D ∇ 2 are said to be homotopic. 
It is given that maps ∇ 1 and ∇ 2 are homotopic, i.e. for X ∈ Γ(∧ top A) and x ∈ ΓA we have the following equation
for λ ∈ Γ ∧ k A, k ≥ 0. By using the fact that [e f , λ] A = −ρ(λ)(e f ) = e φ * (f ) [f, λ] A , and equation (1) for generators D ∇ 1 and D ∇ 2 , we get the following relation:
HenceF induces an isomorphism F : 
as follows:
Then the mapD is a representation of T * on the hom-bundle (∧ top ψ ! T * M, ψ, Ad ψ * † ).
Proof. Let us denoteγ := Ad ψ * † (γ), andγ :
Also, by using equation (22), we have the following:
Now let us observe the following:
• L Ad ψ * (X) (dξ) = dL X ξ for all X ∈ Γψ ! T M , and ξ ∈ Γ(∧ψ ! T * M ).
Using above observations and the fact that Ad ψ * • π # = π # • Ad † ψ * , we have the following :
Thus, by using equations (22), (23), (24), and (25), we immediately get the following:
• the map d is a (α, α)-derivation of degree 1 with respect to the graded commutative and associative product ∧, i.e. 
is a purely hom-Lie bialgebra if the following compatibility condition holds:
Here, x, y ∈ L, the bracket [−, −] G is the hom-Gerstenhaber bracket obtained by extending [−, −] g , and ∆ : L → ∧ 2 L is the dual map of the hom-Lie algebra bracket
Let us first recall from Section 3 of [2] that the adjoint representation of (g,
G is the associated hom-Gerstenhaber bracket on the exterior algebra ∧ * g. Then the above equation (27) can also be expressed as
Also, recall that the co-adjoint representation of (g, [−, −] g , α) on g * with respect to α † = (α −1 ) * is given by the map ad * : g → gl(g * ) such that < ad * x (ξ), y >= − < ξ, ad x (y) >, and ad * x (ξ) = ad * α(x) ((α −2 ) * ξ) for x, y ∈ g and ξ ∈ g * . The map ad * x : g * → g * for any x ∈ g is extended to higher degree elements by the following equation:
where ξ i ∈ g * for all 1 ≤ i ≤ n. Let d * be the coboundary operator of the hom-Lie algebra (g * , [−, −] g * , α † ) given by equation (18) (Consider the hom-Lie algebra (g * , [−, −] g * , α † ) as a homLie algebroid over point manifold M ). Note that for any x, y ∈ g, and η, ξ ∈ g * we have
Then by using equations (28), and (29), we get the following derivation condition:
for any X, Y ∈ ∧ * g. Thus the hom-Gerstenhaber algebra 
for any x, y ∈ Γψ ! T M . Finally, by using the hom-Leibniz rule for the bracket [[−, −]] ψ * with respect to the graded commutative product, one obtains the following derivation condition:
Thus the hom-Gerstenhaber algebra associated to tangent hom-Lie algebroid, is a strong differential hom-Gerstenhaber algebra with the differential d. Let A be a vector bundle over M , ψ : M → M be a smooth map, β : ΓA → ΓA be a linear map then the space ⊕ i∈Z + Γ(∧ i A) has a hom-Gerstenhaber algebra structure if and only if we have a hom-Lie algebroid structure on hom-bundle (A, ψ, β), see Theorem 4.4, [8] . Now, let (A, ψ, β) be a hom-bundle, where ψ : M → M is a diffeomorphism, β : ΓA → ΓA is a bijective linear map. Also let A = (⊕ i∈Z + Γ(∧ i A), ∧, [−, −], α, d) be a strong differential regular hom-Gerstenhaber algebra structure on the space of multisections ⊕ i∈Z + Γ(∧ i A), where α : A → A is a degree 0 map such that α 0 = ψ * : C ∞ (M ) → C ∞ (M ) is an algebra automorphism induced by ψ, α 1 = β and the map α is an extension of α 0 and α 1 to the higher sections. is a hom-Lie algebroid (here, β † (ξ)(X) = ψ(ξ(β −1 (X))) for ξ ∈ ΓA * and X ∈ ΓA). Note that the differential corresponding to this hom-Lie algebroid structure, given by equation (18) for X, Y ∈ ΓA implies that (A, A * ) is a hom-Lie bialgebroid.
Conversely, for a given hom-Lie bialgebroid (A, A * ) we obtain a hom-Gerstenhaber algebra structure given by A = (⊕ i∈Z + Γ(∧ i A), ∧, [−, −], α) since there is a hom-Lie algebroid structure on the hom-bundle (A, ψ, β) over M . Let d be the differential given by equation (18), for the hom-Lie algebroid structure on (A * , ψ, β † ). Then A is an (α, α)-differential graded commutative algebra with the differential d. Now, by equation (26), it is clear that A = (⊕ i∈Z + Γ(∧ i A), ∧, [−, −], α, d) is a strong differential regular hom-Gerstenhaber algebra.
Example 5.6. Let (M, ψ, π) be a given hom-Poisson manifold where the smooth map ψ : M → M is a diffeomorphism, then there are hom-Lie algebroid structures on both the pull back bundles ψ ! T M and ψ ! T * M . Let A be the hom-Gerstenhaber algebra corresponding to the hom-Lie algebroid structure on ψ ! T M . Here, the map d π : A → A defined by d π = [π, −] A makes A a strong differential regular hom-Gerstenhaber algebra (since π is a hom-Poisson bivector). Furthermore, the map d π = d * , differential obtained by equation (18) for the hom-Lie algebroid structure on ψ ! T * M . Therefore, the hom-Lie bialgebroid structure on (ψ ! T M, ψ ! T * M ) corresponding to this strong differential regular hom-Gerstenhaber algebra is the canonical hom-Lie bialgebroid structure on (ψ ! T M, ψ ! T * M ) for a given hom-Poisson manifold as defined in [3] .
Example 5.7. Let (g, [−, −] g , α) and (g * , [−, −] g * , α † ) be two regular hom-Lie algebras (where α † (ξ)(X) = ξ(α −1 (X)) for ξ ∈ L * and X ∈ L). If (L, L * ) is a purely hom-Lie bialgebra, then (L, L * ) is a hom-Lie bialgebroid over a point manifold. In this case the associated strong differential hom-Gerstenhaber algebra is (G = ∧ * g, ∧, [−, −] G , α G , d * ) given in Example 5.2.
